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The causality issues concerning Hegerfeldt’s paradox and the localization of relativistic quantum
systems are addressed through a proper-time formalism of single-particle operators. The proposed
description does not depend on classical parameters connected to an external observer and results
in a single-particle formalism in which localization is described by explicitly covariant four-vector
operators associated with POVM measurements parametrized by the system’s proper-time. As
a consequence, it is shown that physically acceptable states are necessarily associated with the
existence of a temporal uncertainty and their proper-time evolution is not subject to the causality
violation predicted by Hegerfeldt.
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Introduction - The introduction of relativistic effects
in quantum information theory, an ongoing program that
has its origins in the founding works of Czachor [1] and
Peres et al. [2], was responsible for attracting new at-
tention to problems such as the proper definition of the
concept of relativistic spin [3–9] and the causality issue
concerning localization in relativistic quantum systems
[10–12]. Both these problems are intimately connected,
as it has long been known that different notions of lo-
calization lead to distinct concepts of relativistic spin
[13, 14]. In addition, the localization problem may also
affects certain predictions related to quantum informa-
tion theory, since data-processing is typically performed
in limited space-time intervals [15, 16].
The first evidence concerning the incompatibility of
localization and causality has its origins in Hegerfeldt’s
well known theorem [17, 18], which established the causal-
ity violation for initially strictly localized states with a
well defined energy sign. Since this directly affects any
attempt to describe a position detection in terms of self-
adjoint (s.a.) operators in the context of relativistic quan-
tum mechanics (RQM), the remaining alternative was the
use of POVMs approaches to localization [10, 11]. How-
ever, even those may be subject to causality issues, as
Hegerfeldt’s theorem was later extended to states with
an exponentially bounded decay [19].
In this letter it is shown that, when a proper-time ap-
proach is applied to the description of a single-particle
system in RQM, any physical acceptable state will
present an inherent temporal uncertainty. Together with
the requirement of covariance, this leads to a natural
POVM description of localization with a proper-time evo-
lution for which Hegerfeldt’s results do not apply. The
investigated model is that of a free spinless particle of
fixed massm, a choice justified by the need to adequately
underpin the resulting notion of localization before con-
sidering any potential contribution from the introduction
of internal degrees of freedom. Complete derivations and
complementary discussions are presented in the compan-
ion paper [20].
Starting from a classical description, the particle’s four-
momentum Πµ and angular momentum tensor Jµν can
be used to describe the system’s world line by means of
the four coordinates
Qµ(τ) = −J
µλΠλ
m2
+
Πµ
m
τ, (1)
with the particle’s proper-time τ acting as parameter. On
the constant mass surface ΠµΠµ +m
2 = 0, those quan-
tities satisfy the relationship Qµ(τ)Πµ = −mτ and the
Poisson brackets
{Jµν , Qσ(τ)}P = 2ησ[µQν](τ), (2)
which ensure that the coordinates in (1) form a four-
vector quantity interpreted as the system’s four-position
with explicit proper-time parameterization.
The direct quantization of the quantities Qµ(τ) over
a physical Hilbert space Hphys using only the correspon-
dence principle as a guiding resource is not a simple task
due to the Poisson brackets
{Qµ(τ), Qν(τ)}P =
Jµν
m2
,
{Qµ(τ),Πν}P = ηµν +
ΠµΠν
m2
,
valid over the constant mass surface. However, using
Dirac’s quantization approach [21] and employing the
so-called group averaging technique [22–25], the quan-
tization of those quantities can be achieved in an un-
ambiguous way, resulting in the physical Hilbert space
Hphys = H+phys⊕H−phys = L2(R3, dµ(pi))⊕L2(R3, dµ(pi)),
with dµ(pi) = md3pi/Epi and Epi =
√‖pi‖2 +m2. Over
this space, the symmetrized form of the quantities Qµ(τ)
give rise to the acting rules
Qˇ0phys(τ) = σ
3Epi
m
[
i
m
(
pi · ∇pi + 3
2
)
+ τ
]
,
Qˇjphys(τ) = σ
3
[
i
(
∂
∂pij
+
pij
m2
pi · ∇pi + 3
2
pij
m2
)
+
pij
m
τ
]
,
2while the momentum variables Πµ and the angular mo-
mentum tensor Jµν lead to the following operations:
Πˇµphys = σ
3
(
Epiη
µ
0 + pi
jηµj
)
,
Jˇµkphys = −ηµ0iEpi
∂
∂pik
+ ηµj i
(
pik
∂
∂pij
− pij ∂
∂pik
)
.
The operators Qˆµphys(τ) are interpreted as the proper-
time parameterized coordinates of the system’s four-
position, the commutation relations
[
Jˆµνphys, Qˆ
σ
phys(τ)
]
−
= 2iησ[µQˆ
ν]
phys(τ) (4)
ensuring the Lorentz four-vector character and the covari-
ant aspect of the related localization concept. Besides (4),
the additional commutation relations
[
Qˆµphys(τ), Qˆ
ν
phys(τ)
]
−
= i
Jˆµνphys
m2
,
[
Qˆµphys(τ), Πˆ
ν
phys
]
−
= i
(
ηµν +
ΠˆµphysΠˆ
ν
phys
m2
)
imply that the four-position components are non-
commutative and, together with Jˆµνphys, satisfy a deSitter-
like algebra with fundamental length 1/m [26, 27], the
usual canonical behavior being recovered in the non-
relativistic limit.
Since Πˇµphys corresponds to the direct sum
of multiplicative operations, the s.a. char-
acter of the operator Πˆµphys can be immedi-
ately stated by assuming the natural domains
DΠµ =
{
φ|φ(pi), σ3 (Epiηµ0 + pijηµj)φ(pi) ∈ Hphys}.
On the other hand, in the case of operators Qˆµphys(τ), it
is necessary to calculate their so-called deficiency indices
[28], since these will generally be unbounded operators.
Self-adjoint extensions of Qˆ0phys(τ) - The operators
Qˆ0phys(τ), Jˆ
12
phys and ‖Jˆphys‖2 form a complete set of
commuting observables (CSCO), the s.a. character of
Jˆ12phys and ‖Jˆphys‖2 being verifiable as in the usual non-
relativistic scenario and leading to the same spectrum
and corresponding eigenstates. On the other hand, for
Qˆ0phys(τ), the complete definition of the operator requires
a detailed analysis of its deficiency indices and domain.
Using spherical coordinates and adopting C∞0 (R
3) ⊕
C∞0 (R
3) as initial domain for the operator Qˆ0phys(τ), the
domain of the corresponding adjoint Qˆ0∗phys(τ) is given by
D∗
Qˆ0
phys
(τ)
=
{
φ∗(rpi) | rpiErpiφ∗(rpi) is a.c. in R≥0; φ∗(rpi), Qˇ0phys(τ)φ∗(rpi) ∈ L2(R≥0, dµ(rpi))⊕ L2(R≥0, dµ(rpi))
}
,
where dµ(rpi) =
mr2pi
Erpi
drpi and a.c. stands for "absolute
continuous". Thus, solving Qˇ0phys(τ)R
t
τ (rpi) = tR
t
τ (rpi)
for t = ±i/m, it results that the operator Qˆ0phys(τ) has
deficiency indices η = (1, 1) and an infinite number of s.a.
extensions with a single parameter, since both solutions
Rξi/mτ (rpi) =
√
2eimτ ln(
rpi
m
)
r
1/2
pi (Erpi +m)
(
δξ+
δξ−
)
,
with ξ = ±, belong to D∗
Qˆ0
phys
(τ)
. It is important to note
that the projections of Qˆ0phys(τ) over the subspacesH±phys
do not have s.a. extensions, since they have deficiency in-
dexes given by η = (1, 0) (positive energy projection) and
η = (0, 1) (negative energy projection). This implies that
an eigenfunction of a s.a. extension of Qˆ0phys(τ) cannot
have a well defined energy sign and, even more impor-
tantly, the nonexistence of single-particle s.a. extension
for Qˆ0phys(τ).
To define the s.a. extensions of the symmetric operator
Qˆ0phys(τ) it is necessary first to write its closure Qˆ
0
phys(τ).
Using the sesquilinear form
w∗(φ∗, ψ∗) = (φ∗, Qˆ
0∗
physψ∗)phys − (Qˆ0∗physφ∗, ψ∗)phys,
the closed operator Qˆ0phys(τ) is given by the acting rule
Qˆ0phys(τ)φ = Qˆ
0∗
phys(τ)φ defined over the domain
DQˆ0
phys
(τ) =
{
φ
∣∣∣φ ∈ D∗
Qˆ0
phys
(τ)
; w∗(φ,R
±i/m
τ (rpi)) = 0
}
,
which implies the boundary condition
limrpi→∞ |φξ(rpi)| < limrpi→∞O(r−3/2pi ) = 0. Then,
from the Main Theorem of s.a. extensions [28], the
one-parameter family of s.a. extensions Qˆ0ϕ phys(τ), with
parameter ϕ ∈ (−pi,pi], can be defined as
Qˆ3ϕ phys(τ) :


DQˆ0
ϕ phys
(τ) =
{
φϕ ∈ D∗Qˆ0
phys
(τ)
∣∣∣ w∗(R+i/mτ + eiϕR−i/mτ , φϕ) = 0
}
Qˆ0ϕ phys(τ)φϕ = Qˆ
0∗
phys(τ)φϕ
,
3which implies the boundary condition
limrpi→∞
[
φϕ;+(rpi)− e−iϕφϕ;−(rpi)
]
= 0 with a de-
cay at infinity that must be bounded according to
|φϕ;+(rpi)− e−iϕφϕ;−(rpi)| < O(r−3/2pi ).
The spectrum of the s.a. extension Qˆ0ϕ phys(τ) does
not have a discrete component since there exist no
Rt(rpi ; τ) ∈ L2(R≥0, dµ(rpi))⊕L2(R≥0, dµ(rpi)) such that
Qˇ0phys(τ)R
t(rpi ; τ) = tR
t(rpi ; τ) for t ∈ R. However, since
( Qˆ0ϕ phys(τ)− tIˆ)−1 exists and is unbounded for all t ∈ R,
this s.a. extension has a continuous spectrum t ∈ R with
a complete set of orthogonal eigenfunctions given by
Rtϕ(rpi, τ) =
√
m
2pi
r−3/2pi
(rpi
m
)imτ 
(
rpi
Erpi+m
)−imt
eiϕ
(
rpi
Erpi+m
)imt

 .
Thus, the complete set of generalized orthogonal eigen-
functions associated to the present CSCO is given by
ψt,l,mzϕ (pi; τ) = Y
l,mz (Ωpi)R
t
ϕ(r; τ), where Y
l,mz (Ωpi) are
the spherical harmonics with l ∈ N0 and −l ≤ mz ≤ l.
Self-adjoint extensions of Qˆ3phys(τ) - A CSCO for
Qˆ3phys(τ) can be obtained using the operators Jˆ
12
phys and
Oˆphys ≡ (Jˆ12phys)2 − (Jˆ01phys)2 − (Jˆ02phys)2.
Adopting the hyperbolic coordinates ωpi ∈ [0,∞),
νpi ∈ (−pi/2,pi/2) and ϕpi ∈ [0, 2pi), re-
lated to the original Cartesian coordinates
through pi1 = m sinh(ωpi) sec(νpi) cos(ϕpi), pi
2 =
m sinh(ωpi) sec(νpi) sin(ϕpi) and pi
3 = m tan(νpi), the
acting rule of Qˆ3phys(τ) may be written as
Qˇ3phys(τ) =
[
i
m
(
∂
∂νpi
+
3
2
tan(νpi)
)
+ tan(νpi)τ
]
σ3.
Thus, starting with C∞0 (−pi/2,pi/2)⊕C∞0 (−pi/2,pi/2) as
an initial domain for the definition of Qˆ3phys(τ), the cor-
responding adjoint Qˆ3∗phys(τ) is completely defined by its
domain
D∗
Qˆ3
phys
(τ)
=
{
φ∗(νpi) |φ∗(νpi) is a.c. in [−pi/2, pi/2];
φ∗(νpi), Qˇ
3
phys(τ)φ∗(νpi) ∈ L2((−pi/2, pi/2), dµ(νpi))⊕ L2((−pi/2, pi/2), dµ(νpi))
}
,
where dµ(νpi) = sec
3(νpi)dνpi . Solving Qˇ
3
phys(τ)Vzτ (νpi) =
zVzτ (νpi) for z = ±i/m, it results that all the solutions
V±i/m(ξ);τ (νpi) =
1√
sinh(pi)
(sec νpi)
imτ
(sec νpi)3/2
e±ξνpi
(
δξ+
δξ−
)
, (5)
with ξ = ±, belong to D∗
Qˆ3
phys
(τ)
. Thus, the operator
Qˆ3phys(τ) has deficiency indices η = (2, 2) and an infinite
number of s.a. extensions parameterized by four parame-
ters ϕ = {ϕn; n = 1, 2, 3, 4; ϕn ∈ (−pi,pi]}. Unlike what
was found for Qˆ0phys(τ), the projections of Qˆ
3
phys(τ) over
the subspaces H±phys also have s.a. extensions, since their
deficiency indices are given by η± = (1, 1).
The closure Qˆ3phys(τ) is given by the acting rule
Qˆ3phys(τ)φ = Qˆ
3∗
phys(τ)φ defined over the domain
DQˆ3
phys
(τ) =
{
φ |φ ∈ D∗
Qˆ3
phys
(τ)
; w∗
(
φ,V±i/m(ξ);τ
)
= 0
}
,
the requirement w∗
(
φ,V±i/m(ξ);τ
)
= 0 being equivalent to
the boundary condition
lim
νpi→±
pi
2
φξ(νpi) = 0 (6)
with a decay bounded by O((sec νpi)−3/2) for νpi →
±pi/2. Then, denoting by N∓i/m the space spanned by
V±i/m(ξ);τ (νpi), the parameterized s.a. extensions of Qˆ3phys(τ)
can be defined as
Qˆ3ϕ phys(τ) :


D Qˆ3
ϕ phys
(τ) =
{
φϕ ∈ D∗Qˆ3
phys
(τ)
∣∣∣w∗ (φi/m + Uˆ(ϕ)φi/m, φϕ) = 0, ∀φi/m ∈ N−i/m}
Qˆ3ϕ phys(τ)φϕ = Qˆ
3
phys(τ)φ+
i
m
φi/m − i
m
Uˆ(ϕ)φi/m = Qˆ
3∗
phys(τ)φϕ
,
where the isometric map Uˆ(ϕ) is given by
Uˆ(ϕ) : N−i/m → N+i/m
V i/m(ξ);τ (νpi) 7→ Uˆ(ϕ)V i/m(ξ);τ (νpi) =
∑
ξ′
Uξ′ξ(ϕ)V−i/m(ξ′);τ (νpi)
with factors Uξ′ξ(ϕ) forming an arbitrary U(2) matrix:
U(ϕ) =˙ eiϕ1
(
eiϕ2 cos(ϕ4) e
iϕ3 sin(ϕ4)
−e−iϕ3 sin(ϕ4) e−iϕ2 cos(ϕ4)
)
.
4The general form of the U(2) matrices allows s.a.
extensions Qˆ3ϕ phys(τ) that are not necessarily single-
particle observables. However, single-particle s.a. exten-
sions can be constructed using the direct sum of the s.a.
extensions associated with the projections Qˆ3,±phys(τ) over
the subspaces H±phys. These extensions correspond to the
operators Qˆ3ϕ phys(τ) with ϕ2 = ϕ4 = 0 and, from now
on, will be the extensions of interest.
The well-defined energy sign s.a. extensions Qˆ3,ξϕ phys(τ),
with ξ = ±, are given by the acting rule Qˆ3,ξϕ phys(τ)φϕ =
Qˆ3∗,ξphys(τ)φϕ with domain D Qˆ3,ξ
ϕ phys
(τ) given by
{
φϕ ∈ D∗Qˆ3,ξ
phys
(τ)
|w∗
(
V i/m(ξ);τ + eiϕV−i/m(ξ);τ , φϕ
)
= 0
}
,
the imposed restriction leading to the boundary condi-
tion
lim
νpi→
pi
2
[(
eξpi/2 + e−iϕe−ξpi/2
)
φϕ(νpi)−
(
e−ξpi/2 + e−iϕeξpi/2
)
φϕ(−νpi)
]
< lim
νpi→
pi
2
O
(
(sec νpi)
−3/2
)
= 0. (7)
Thus, the domain D Qˆ3
ϕ phys
(τ) of a single-particle s.a.
extension Qˆ3ϕ phys(τ) will be given by D Qˆ3,+
ϕ phys
(τ) ⊕
D Qˆ3,−
ϕ phys
(τ), its spectrum being fully defined through the
spectra of the operators Qˆ3,±ϕ phys(τ).
To formally obtain the spectra of operators Qˆ3ϕ phys(τ)
it is necessary to verify if the solutions
Vz(ξ);τ (νpi) =
N zξ
(sec νpi)3/2
eimτ ln(sec νpi)e−imξzνpi
(
δξ+
δξ−
)
of Qˇ3phys(τ)Vz(ξ);τ (νpi) = zVz(ξ);τ (νpi) belong to D Qˆ3
ϕ phys
(τ).
Since Vz(ξ);τ (νpi) ∈ D∗Qˆ3
phys
(τ)
, it remains to verify the con-
sequences of the boundary condition (7). Applying (7)
to Vz(ξ);τ (νpi) implies that Vz(ξ);τ (νpi) ∈ D Qˆ3
ϕ phys
(τ) only for
a discrete set of eigenvalues zn given by
znϕ =
2
mpi
{
arctan
[
(1− cosϕ)
sinϕ
tanh
(
pi
2
)]
+ npi
}
,
with n ∈ Z and −pi/2 ≤ arctan(α) ≤ pi/2. Thus, the
complete set of orthogonal eigenfunctions of Qˆ3ϕ phys(τ)
is given by the solutions
Vz
n
ϕ
(ξ);τ (νpi) =
eimτ ln(sec νpi)e−imξz
n
ϕνpi
pi
1/2(sec νpi)3/2
(
δξ+
δξ−
)
.
The discrete spectrum of the s.a. extensions Qˆ3ϕ phys(τ)
may seem unsatisfactory at first glance, since a continu-
ous spectrum is expected for observables associated with
the system’s position. However, continuity can be recov-
ered when the set of all s.a. extensions Qˆ3ϕ phys(τ) is taken
into account, since zn
pi
= limϕ→−pi z
n+1
ϕ .
To finish the description of the s.a. extensions of
Qˆ3phys(τ) it is necessary to verify the properties of the
others operators in its CSCO. Then, the complete set of
generalized orthogonal eigenfunctions of the s.a. CSCO
of Qˆ3ϕ phys(τ) is given by the states
ψ
znϕ,λ,mz
(ξ);τ (pi) =
√
sinh(piΛ(λ))
2
|Γ(12 + |mz |+ iΛ(λ))|
(mpi)3/2
eimτ ln(sec νpi)e−imξz
n
ϕνpieimzϕpi
(sec νpi)3/2
P
−|mz|
− 1
2
+iΛ(λ)
(coshωpi)
(
δξ+
δξ−
)
, (8)
where Γ(·) is the Gamma function, P−|mz|
− 1
2
+iΛ(λ)
(coshωpi)
are associated conical functions, Λ(λ) =
√
− 14 − λ, mz ∈
Z are the eigenvalues of the s.a. operator Jˆ12phys and λ ∈
(−∞,− 14 ] are the values of the continuous spectrum of
the s.a. extension of Oˆphys.
The fact that Qˆ3phys(τ) has s.a. single-particle exten-
sions suggests that the operators Qˆjϕ phys(τ) should be in-
terpreted as the observables associated with the system’s
proper-time parameterized position. However, some con-
siderations indicate that this interpretation should be re-
futed, starting with the fact that the discrete spectrum of
these operators does not allow a continuous description
of the system’s position by means of a single s.a. exten-
sion with fixed ϕ parameter. A second problem is related
to Hegerfeldt’s paradox. Since the operator Qˆ3ϕ phys(τ) is
s.a., its eigenstates describe strictly localized states on
the z-axis and, therefore, are subject to the causality vi-
olation predicted by Hegerfeldt.
Time and Position POVM - As stated earlier, the s.a.
extensions of Qˆ0phys(τ) do not define single-particle ob-
servables, a result that leads to two important conse-
quences: (a) the perfect temporal localization of a state
is only possible outside the single-particle framework and
5(b) states with a well defined energy sign will necessarily
have a temporal incertitude when described by a classical
observer.
In view of that, one may ask how a measurement as-
sociated to the operation Qˇ0phys(τ) may be accommo-
dated in a single-particle framework. To do so, it is
necessary to observe that the projections Qˆ0,±phys(τ) of
Qˆ0phys(τ) over the subspaces H±phys are essentially max-
imally symmetrical [28] and, therefore, their closures
lead to maximally symmetrical operators Qˆ0;±phys(τ) that
can be associated with POVMs [29]. Thus, although a
single-particle interpretation cannot be associated to the
s.a. extensions Qˆ0ϕ phys(τ), the same is not true for the
maximally symmetrical operators Qˆ0;±phys(τ). Therefore,
the implementation of the time operator in the proper-
time single-particle formalism must be given by a POVM
rather than a s.a. operator. In addition, since the do-
main boundary conditions of Qˆ0phys(τ) do not mix com-
ponents associated with distinct energy signs, one has
that Qˆ0phys(τ) = Qˆ
0;+
phys(τ) ⊕ Qˆ0;−phys(τ) and the domain
properties of the operators Qˆ0;±phys(τ) coincide with those
obtained earlier for Qˆ0phys(τ).
The set of positive operators {Eˆτ ;±(t)} associated with
the POVM defined by Qˆ0;±phys(τ) can be obtained using
Naimark’s theorem [30] and is given by
Eˆτ ;±(t) =
∞∑
l=0
l∑
mz=−l
|ψt,l,mzτ ;± 〉 〈ψt,l,mzτ ;± | ,
with
ψt,l,mzτ ;± (pi) =
√
m
2pi
Y l,mz(Ωpi)
r
3/2
pi
(rpi
m
)imτ( rpi
Erpi +m
)∓imt
.
Thus, the probability of finding the system in a time in-
terval [t1, t2] for a state described by a density matrix ρ
is given by P[t1,t2] =
∫ t2
t1
dtTr(ρEˆτ ;±(t)), while the com-
pleteness relation in H±phys associated with the elements
Eˆ±(t) is written as
∫∞
−∞ dtEˆτ ;±(t) = Iˆ
±
phys. It is impor-
tant to note that the elements Eˆτ ;±(t) for different values
of t are not orthogonal, since
〈ψt,l,mzτ ;± |ψt
′,l′,m′z
τ ;± 〉 =
δll′δmzm′z
2pi
[
piδ(∆t)± P.V.
(
i
∆t
)]
,
where P.V. indicates the principal value and ∆t ≡ t− t′.
Thus, the strict temporal localization is not possible in
the proper-time single-particle formalism and physically
acceptable states will necessarily present a temporal un-
certainty.
To verify how the imposition of the single-particle
character over the Qˇ0phys(τ) operation influences the sys-
tem’s spacial localization, the covariance of the quantities
Qˆµphys(τ), which follows from the commutation relations
(4), needs to be taken into account. Denoting by Uˆ(Λ)
the unitary representations [31] of the Lorentz group gen-
erators Jˆµνphys and assuming a pure z-axis boost Λ, the
relations in (4) imply that
Qˆ3
′
phys(τ) ≡ Uˆ †(Λ)Qˆµphys(τ)Uˆ (Λ)
= Λ30Qˆ
0
phys(τ) + Λ
3
3Qˆ
3
phys(τ).
(9)
Since the domain of Qˆ3phys(τ) cannot change from one ref-
erence frame to another, relationship (9) implies that one
must have DQˆ3
phys
(τ) = DQˆ0
phys
(τ) ∩DQˆ3
phys
(τ) in order to
respect the finite Lorentz covariance. However, assum-
ing that in subspace Hξphys the time operator is given
by Qˆ0,ξphys(τ), there are states in D Qˆ3,ξ
ϕ phys
(τ) that will not
belong to DQˆ0,ξ
phys
(τ), since the boundary condition (7)
imposed by D Qˆ3,ξ
ϕ phys
(τ) admits states that don’t cancel
out faster than r
−3/2
pi for νpi → ±pi/2, as is the case for
the eigenstates (8). Thus, the single-particle character
together with finite Lorentz covariance rules out the pos-
sibility to use the s.a. extensions of Qˆjphys(τ) as position
operators.
To overcome the above problem, one can adopt
Qˆj,±phys(τ) as definitions of the single-particle position op-
erator in each H±phys subspace, since the boundary con-
ditions of these operators agree with those of Qˆ0,±phys(τ).
However, since Qˆj,±phys(τ) is symmetrical but not s.a., such
a choice will imply in a concept of localization that can-
not be associated with a projective measurement. In or-
der to define a POVM associated with Qˆ3,ξphys(τ), one ob-
serve that the eigenstates Vz
n
ϕ
τ ;ξ(τ) of Qˆ
3,ξ
ϕ phys(τ) also serve
as an improper basis for DQˆ3,ξ
phys
(τ), since DQˆ3,ξ
phys
(τ) ⊂
D Qˆ3,ξ
ϕ phys
(τ) and V
znϕ
τ ;ξ(τ) /∈ DQˆ3,ξ
phys
(τ).
Using the improper basis of states ψ
znϕ,λ,mz
τ ;ξ (pi), the
operator Qˆ3,ξphys(τ) can be written as
Qˆ3,ξphys(τ)=
∑
n∈Z
∑
mz∈Z
∫ −1/4
−∞
dλ
(
z0ϕ +
2n
m
)
|ψz
n
ϕ,λ,mz
τ ;ξ 〉〈ψ
znϕ,λ,mz
τ ;ξ | .
Since DQˆ3,ξ
phys
(τ) ⊂ D Qˆ3,ξ
ϕ phys
(τ) for all ϕ ∈ (−pi,pi], the
above decomposition can be done using the basis of eigen-
state of any of the s.a. extensions Qˆ3,ξϕ phys(τ) and, there-
fore, an integration in z0ϕ ∈ [−1/m, 1/m] allows to rewrite
Qˆ3,ξphys(τ) as
Qˆ3,ξphys(τ) =
∫
R
mdz
2
∑
mz∈Z
∫ −1/4
−∞
dλ z |ψz,λ,mzτ ;ξ 〉 〈ψz,λ,mzτ ;ξ | , (10)
where ψz,λ,mzτ ;ξ (pi) is given by the ξ-component of (8) with
znϕ replaced by z ∈ R. This continuous description of the
6spacial position is non-orthogonal, since
〈ψz′,λ′,m′zτ ;ξ |ψz,λ,mzτ ;ξ 〉 = δm′zmzδ(λ′−λ)sinc
(
mpi(z′ − z)
2
)
.
(11)
However, the non-orthogonality decays with [m(z′−z)]−1,
i.e. it decreases with the inverse of the number of Comp-
ton wavelengths separating z′ from z, being relevant only
for small values of ∆z.
The above results, along with the fact that the identity
Iˆξphys in Hξphys can be written as
Iˆξphys =
m
2
∫ ∞
−∞
dz
∑
mz∈Z
∫ −1/4
−∞
dλ |ψz,λ,mzτ ;ξ 〉 〈ψz,λ,mzτ ;ξ | ,
allows to introduce a POVM associated with the opera-
tor Qˆ3,ξphys(τ), the positive operators {Eˆτ ;ξ(z)} associated
with that POVM being given by
Eˆτ ;ξ(z) =
m
2
∑
mz∈Z
∫ −1/4
−∞
dλ |ψz,λ,mzτ ;ξ 〉 〈ψz,λ,mzτ ;ξ | . (12)
These operators satisfy
∫
R
dzEˆτ ;ξ(z) = Iˆ
ξ
phys and the
probability P[z1,z2](τ) of finding a state of density ma-
trix ρ in a spatial range [z1, z2] for a proper-time τ is
given by P[z1,z2](τ) =
∫ z2
z1
dzTr
(
ρEˆτ ;±(z)
)
.
Hegerfeldt’s theorem and the POVM approach - To con-
clude the description of the system’s localization in terms
of Qˆ3,ξphys(τ) it is necessary to verify that the POVM given
in (12) is not subject to the causality issues related to
Hegerfeldt’s paradox [17–19]. Since those results assert
the causality violation for strictly localized states as well
as exponentially bounded states, it must be verified that
such states are not allowed by the domain DQˆ3,±
phys
(τ).
For the proof of the nonexistence of strictly localized
states, suppose that the state
|ψ〉 =
∫ −1/4
−∞
dλα(λ)
∫
R
dzΩ(z) |ψz,λ,00;+ 〉
is strictly localized at τ = 0. Due to the non-
orthogonality given in (11), the strictly localization condi-
tion consists in supposing that the probability amplitude
p0(z
′) =
√
m
2
∫
R
dzΩ(z)sinc
(mpi
2
(z′ − z)
)
,
has a compact support in an interval ∆z ⊂ R.
The compact support of p0(z
′) implies that its Fourier
Fp0(k) =
1√
2pi
∫
R
dz′p0(z
′)e−ipimkz
′
(13)
must be analytic in R. Making the change of variables
given by u = mpiz, the Fourier (13) may be rewritten as
Fp0(k) =
√
2pi
(mpi)3/2
rect(k)FΩ(k), (14)
where rect(k) is a rectangular function and FΩ(k) =
(2pi)−1/2
∫
R
duΩ(u)e−iku.
To verify the conditions imposed by DQ3;+
phys
(0), the
state |ψ〉 must be written in momentum basis. In this
basis
ψ+(pi) =
A0
mpi3/2
FΩ(k)
(sec νpi)3/2
,
where A0 is a ωpi-dependent factor and k = νpi/pi. From
the conditions in the domain DQ3;+
phys
(0) it results that
FΩ(k) must be zero for k = ±1/2 and must belong to
L2((−1/2, 1/2), dk), besides being differentiable.
The properties obtained for FΩ(k) imply that the
Fourier Fp0(k) must be differentiable and have compact
support in [−1/2, 1/2] ⊂ R, since Fp0(k) ∝ rect(k)FΩ(k).
Therefore, the function Fp0(k) cannot be analytic in
R and p0(z
′) cannot have compact support, which
demonstrates the nonexistence of strictly localized states
with respect to the localization definition associated to
Qˆ3,ξphys(τ).
The proof of the nonexistence of states that are com-
patible with Qˆ3,ξphys(τ) and have a probability amplitude
p0(z
′) with tails bounded by an exponential decay e−A|z|
follows the same reasoning presented above. In this case,
the exponential behavior of the tails of p0(z
′) would im-
ply the analyticity of the Fourier Fp0(k) for |Im(k)| <
A. However, the domain DQ3;+
phys
(0) implies that over
R the function Fp0(k) must have compact support in
[−1/2, 1/2] and, therefore, the condition of analyticity in
|Im(k)| < A cannot be satisfied, leading to the conclusion
of the nonexistence of states with bounded exponential
decay.
Additional remarks - The proper-time parameteriza-
tion has a fundamental character since it does not depend
on the properties of an external observer and, therefore,
corresponds to an intrinsic approach to the problem of
localization in RQM. Physically, this approach amounts
to state that the system’s time would be observed as clas-
sical only if it were possible to define an observer from a
comoving quantum frame as those proposed in [32].
The impossibility of defining strictly localized states in
a single-particle approach is in agreement with the idea
that such localization would involve energies that would
lead to a regime in which the phenomena of creation and
annihilation of particles could no longer be disregarded.
As obtained in (11), the distance between two orthog-
onal position in the z-axis is at least of two Compton
wavelength, a range that is in agreement with what is
expected from a regime with fixed number of particles as
RQM.
It is worth emphasizing that the reported results lead
to a new path to address the issue of localization in the
context of RQM, further potential questions to be inves-
tigated including the proper definition of the relativistic
7spin operator, the connection with the quantum comov-
ing frames proposed in [32] and the relation between the
proposed POVMs and the usual measurements parame-
terized by quantities of the classical observer.
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